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We introduce an infinite set of jet substructure observables, derived as projections of N -point
energy correlators, that are both convenient for experimental studies and maintain remarkable ana-
lytic properties derived from their representations in terms of a finite number of light ray operators.
We show that these observables can be computed using tracking or charge information with a simple
reweighting by integer moments of non-perturbative track or fragmentation functions. Our results
for the projected N -point correlators are analytic functions of N , allowing us to derive resummed
results to next-to-leading logarithmic accuracy for all N . We analytically continue our results to
non-integer values of N and define a corresponding analytic continuation of the observable, which we
term a ν-correlator, that can be measured on jets of hadrons at the LHC. This enables observables
that probe the leading twist collinear dynamics of jets to be placed into a single analytic family,
which we hope will lead to new insights into jet substructure.
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2I. INTRODUCTION
The Large Hadron Collider (LHC) provides a rich sam-
ple of high energy jets, opening up new opportunities
to study the dynamics of QCD, and providing new av-
enues to search for physics beyond the Standard Model
[1, 2]. To perform first principles QCD calculations in
the complicated environment of LHC collisions has re-
quired significant theory progress, including the devel-
opment of techniques to calculate groomed observables
[3–5], and field theoretic formalisms for computing ob-
servables that incorporate the tracking [6–8] or charge
information [9, 10] often used to mitigate pile up and im-
prove angular resolution. These advances have enabled
the first comparisons of theoretical predictions with pre-
cision measurements for jet substructure observables [11–
16].
Despite these successes, one of the drawbacks of ob-
servables that incorporate grooming algorithms or track-
ing information, is that this significantly complicates per-
turbative calculations, preventing the use of more mod-
ern techniques for loop and phase space integrals, and
hindering the understanding of their underlying mathe-
matical and field theoretic structure. This is particularly
true for observables that use tracking information, which
has prevented their use for precision measurements, de-
spite their experimental advantages. To enable increas-
ingly precise QCD measurements of jet substructure ob-
servables at the high luminosity LHC will require observ-
ables that are both amenable to higher order perturbative
calculations, and that can be computed using tracking
information.
While there has been significant effort towards the de-
velopment of jet substructure observables at the LHC,
it has primarily been from the perspective of developing
tagging observables, rather than developing observables
with the goal of simplifying their analytic structure. To
understand what makes an observable simple from a the-
oretical point of view, one must begin by understanding
what it means from a field theoretic perspective to mea-
sure the flow of energy (we will discuss later the case of
charge) within a jet. The basic objects that measure en-
ergy flow are the energy flow operators [17–24] defined
as
E(~n) =
∞∫
0
dt lim
r→∞ r
2niT0i(t, r~n) , (1)
where ~n is a unit three-vector that specifies the direc-
tion of the energy flow, and Tµν is the energy-momentum
tensor. The natural objects in the field theory are then
correlation functions of these energy flow operators
1
σtot
dσ
d~n1 · · · d~nN
F.T.
=
〈OE(~n1) · · · E(~nN )O†〉
〈OO†〉 , (2)
which we will generically refer to as energy correlators.
In Eq. (2) the source operator O in QCD can be, for ex-
ample, the electro-magnetic current ψ¯γµψ, or Higgs op-
erator h/vGµνGµν , and F.T. is a Fourier transformation
to momentum space. Since we will not consider oriented
observables in this paper, the Lorentz indices between O†
and O can be contracted and will be ignored throughout.
When all the energy flow operators in the correlator of
Eq. (2) are placed in a collinear limit, these energy cor-
relators are a jet substructure observable. This is illus-
trated for the particular case of a three particle correlator
in Fig. 1 from a particle physics perspective where the en-
ergy flow operators can be thought of as calorimeter cells,
and in Fig. 2 we show the spacetime structure of the en-
ergy flow operators in a Penrose diagram. However, as
we will describe in detail in this paper, these energy cor-
relators are quite distinct from the observables currently
used for jet substructure at the LHC, largely due to the
interests of the field during its developmental stages. For
the particular case of two energy flow operators, the ob-
servable in Eq. (2) is referred to as the Energy-Energy
correlator [25], which has been used extensively as an
e+e− event shape (see e.g. [26, 27] for recent work).
The energy correlator observables in Eq. (2) are in
a sense the simplest observables in a field theory that
measure the flow of energy. In particular, they inherit
a number of simple theoretical properties from their di-
rect representation as a matrix element: they have man-
ifest symmetry properties [22, 23, 28, 29], enjoy sim-
ple factorization properties in limits [28–33], have sim-
ple non-perturbative behavior even away from singular
regions of phase space [19], can be analytically calcu-
lated to high perturbative orders [24, 34–36], and can be
directly studied using sophisticated techniques from con-
formal field theory (CFT) [28, 33, 37, 38], including at
strong coupling in N = 4 super Yang-Mills (SYM) us-
ing the AdS/CFT correspondence [21]. Furthermore, all
infrared and collinear safe energy flow observables can
be expressed in terms of these basic objects [17, 18] (for
recent work see [39, 40]). While this connection is ele-
gant, it is quite abstract, leading to a significant divide
between the more formal theoretical study of simple en-
ergy correlator observables, and the “real world” study of
more experimental or phenomenological observables used
at the LHC.
In this paper we attempt to bridge the theory-
experiment divide by introducing observables that can
be expressed in terms of correlation functions of a finite
number of energy flow operators (as in Eq. (2)) and hence
maintain simple theoretical properties enabling them to
be computed to high perturbative orders, but that are si-
multaneously experimentally convenient. We present the
perspective that the simplest observables are precisely
those that can be expressed in terms of correlation func-
tions of a finite number of energy flow operators, and
we “give teeth” to this otherwise abstract perspective by
concretely showing that it enables a number of new jet
substructure calculations to higher perturbative orders,
higher numbers of points, and incorporating tracking and
charge information. We believe that this will have both
3p
p
FIG. 1: Energy flow operators, shown in red, probe
correlations between flows of energy arising from the
collision of two protons at the LHC. In the small angle
limit they factorize from the rest of the event and
probe the collinear substructure of jets.
an experimental impact, as well as make more trans-
parent the connections between jet substructure and the
more formal study of light ray operators. In this paper we
will highlight a number of these advantages, leaving more
phenomenological studies at higher perturbative orders,
and with more detailed derivations, to future work.
In this paper we introduce the projected energy cor-
relators, an infinite family of experimentally convenient
observables, each of which can be expressed in terms of a
finite number of energy flow operators. These projected
correlators behave similarly to common jet substructure
observables such as the groomed jet mass, namely they
are single logarithmic collinear (soft insensitive) observ-
ables designed to probe the collinear structure of jets.
Furthermore, we show that this infinite family of ob-
servables in fact forms an analytic family, allowing us
to derive results and perform resummation for arbitrary
N -point projected correlators.
One of the key benefits of the projected energy cor-
relators that we will highlight in this paper is that they
enable a simple incorporation of non-perturbative infor-
mation relating to tracks or charges into perturbative cal-
culations. The track function formalisms of [6, 7, 9, 10]
have unfortunately not so far been widely applied for
standard jet substructure observables, since such calcu-
lations are perturbatively complicated, and involve the
full functional form of the non-perturbative track func-
tions. In this paper, we show that the projected N -point
correlators only require integer moments ≤ N that en-
ter trivially as weights. Furthermore, the resummation
of track correlators in the collinear limit only requires
the renormalization of these integer moments, which sat-
isfy linear renormalization group equations (as compared
with the non-linear equation for the full track function),
which enable them to be computed to higher perturba-
tive orders. This will allow for high order perturbative
calculations involving track information.
A further particularly interesting feature of our analy-
sis is that our formulas for the N -point projected correla-
I +
One of the simplest observables from the theoretical perspective is the Energy-Energy
Correlator (EEC), defined as [2, 3]
d 
dz
=
X
i,j
Z
d 
EiEj
Q2
 
✓
z   1  cos ij
2
◆
. (1.1)
Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,
and their angular separation is  ij . d  is the product of the squared matrix element and the
phase-space measure. The EEC can also be defined in terms of correlation function of ANEC
operators [4–7]
E(~n) =
1Z
0
dt lim
r!1 r
2niT0i(t, r~n) , (1.2)
where it is given by
d 
dz
=
hOE(~n1)E(~n2)O†i
hOO†i , (1.3)
for some source operator O. This provides a connection between event shape observables and
correlation functions of ANEC operators allowing the study of event shapes to profit from
recent developments in the study of ANEC operators, and conversely, the EEC provide a
concrete situation for studying the behavior of ANEC operators.
There has recently been significant progress in the understanding of the EEC from a
number of di↵erent directions. For generic angles, the EEC has been computed at next-to-
leading order (NLO) in QCD [8, 9] for both an e+e  source, and Higgs decaying to gluons,
and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at
NNLO [11, 12].
There has also been progress in understanding the singularities of the EEC, which occur as
z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the
EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described
by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,
the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order
in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently
derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This
limit is of theoretical interest for studying the OPE structure of non-local operators, and of
phenomenological interest as a jet substructure observable.
The two-point correlator is particularly simple since it depends on a single variable, z.
Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a
power law
⌃(z) =
1
2
C(↵s) z
 N=4J (↵s) , (1.4)
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FIG. 2: Weighted cross sections can be formulated as
matrix elements of a finite number of energy flow op-
erators, leading to their simple theoretical properties.
tors are analytic functions of N (for both the anomalous
dimensions and the normalization constants), allowing
us to consider their analytic c ntinuation to non-integer
values of N . These analytically continued observables
have a scale evolution determined by the anomalous di-
mensions of non-integer twist-2 spin-N operators. We
present a definition of these observabl s that is valid for
measurements at the LHC. These observables correlate
infinite combinations of particles within a jet (up to the
fact that there are only a finite number of particles in real
world applications). This illustrates a qualitatively new
way of defining jet substructure observables through an-
alytic continuation. Analytic continuation also provides
a means of defining families, in a mathematically precise
sense, of observables that probe specific aspects of jets.
In this language, one of the primary results of this paper
is to place observables that probe the twist-2 dynamics
of jets into a single analytic family.
An outline of this paper is as follows. In Sec. II we
discuss the difference between standard jet substructure
observables and weighted cross sections, and emphasize
that standard jet substructure observables necessarily in-
volve matrix elements of an infinite number f energy
flow operators. We then discuss the implications of this
observation for incorporating track and charge informa-
tion. In Sec. III we introduce projections of the energy
correlators that are a function of a single scaling variable
and are ideal for experimental studies. We also discuss
ratios of these observables that are prom sing for preci-
sion measurements. In Sec. IV we analytically continue
these observables to non-integer values of N , and define a
new class of jet substructure observables which we term
ν-correlators. In Sec. V we discuss the resummation of
the ν-correlators, and present numerical results for i -
teger and non-integer values of ν. In Sec. VI we then
generalize this to the case of correlators using tracking
information. We conclude and discuss a number of fu-
4ture directions in Sec. VII.
II. OBSERVABLES VS. WEIGHTED CROSS
SECTIONS
In this section we discuss the difference between stan-
dard “observables” and “weighted cross sections”. In
particular, we show that standard observables involve
knowledge of an infinite number of energy correlators,
and we will argue that weighted cross sections have a
number of advantages, particularly when interfacing with
non-perturbative data. A number of the properties of
weighted cross sections and observables that are dis-
cussed in this section are known to experts in the field,1
however, we have chosen to discuss these issues in some
detail since they are central to understanding the sim-
plicity of the energy correlators.
We begin by defining a weighted cross section as2
σω =
∫
d4xeiq·x
∑
X
〈0|O(x)|X〉w(X)〈X|O†(0)|0〉
=
∫
d4xeiq·x〈0|O(x)ωˆO†(0)|0〉 . (3)
Here ωˆ is a weight function that is a product of energy or
charge flow operators that weights the asymptotic final
state X, see Fig. 3a, and ω(X) is the eigenvalue of ωˆ
when acting on X. Restricting our attention for now to
energy flow operators, we recall that the action of the
energy flow operators in Eq. (1) on a state|X〉 is
E(~n)|X〉 =
∑
i
k0i δ
(2)(Ω~ki − Ω~n)|X〉 , (4)
where i runs over all particles in the state |X〉. We can
therefore write an energy weight ωˆ as a product of energy
flow operators
ωˆ = E(~n1) · · · E(~nN ) . (5)
This leads to an expression for an energy weighted cross
section as a Wightman function
σω =
∫
d4xeiq·x〈0|O(x)E(~n1) · · · E(~nN )O†(0)|0〉 . (6)
Weighted observables are therefore directly expressible as
matrix elements of energy flow operators. As mentioned
in the introduction, the simple field theoretic definition
of these objects has allowed significant recent progress in
their understanding [24, 28–30, 32–36].
1 Unfortunately, we have found that different aspects are appreci-
ated by non-overlapping groups of people.
2 This notation is borrowed from [22–24] where weighted cross sec-
tions in N = 4 SYM were studied in detail, and whose perspec-
tive was influential to that presented here.
Weighted cross sections defined in this manner are ac-
tually quite distinct from the observables that are most
commonly used in jet substructure at the LHC. Instead
of weighting the final state, it is more common to con-
strain it to have a particular value under the application
of an operator eˆ,3
dσ
de
=
∫
d4xeiq·x〈0|O(x)δ(e− eˆ)O†(0)|0〉 , (7)
as is shown schematically in Fig. 3b. Many familiar event
shape observables (such as thrust [41] or the angulari-
ties [42]) take this form, as do all jet substructure ob-
servables introduced for tagging purposes (such as N -
subjettinesses [43, 44] or combinations of energy corre-
lation functions [39, 45–51]). For these observables, the
operator eˆ can be expressed as an integral over energy
flow operators with an angular weighting. Explicitly, for
the case of thrust like event shapes which were studied
in detail in [52–54], one has
eˆ|X〉 = 1
Q
∫
dηfe(η)ET (η, tˆ)|X〉 , (8)
where
ET (η) = 1
cosh(η)
∫
dφ
∞∫
0
dt lim
r→∞ r
2niT0i(t, r~n) , (9)
is the transverse energy flow operator, Q =
√
q2, fe(η)
is an angular weighting function, and E(η, tˆ) is defined
with respect to the thrust axis tˆ and pseudo rapidity η.
This construction extends in a straightforward manner to
multi-particle correlations. For example, one can write
the three particle correlations in small angle limit for jet
substructure as
e
(β)
3 ∝
∫
d2Ω1d
2Ω2d
2Ω3E(~n1)E(~n2)E(~n3)θβ12θβ23θβ31 ,
(10)
where θij denotes the angle between the vectors ~ni, ~nj .
While this definition of an observable may seem quite
similar, the insertion of the δ-function in Eq. (7) signif-
icantly complicates their structure relative to weighted
cross sections. Unlike for weighted cross sections, which
themselves can be directly expressed as matrix elements
of energy flow operators, it is the moments of these ob-
servables∫
en
dσ
de
=
∫
d4xeiq·x〈0|O(x)eˆnO†(0)|0〉 , (11)
that are weighted cross sections. In particular, the mo-
ments of these weighted cross sections are directly related
3 We will often refer to such observables as “δ-function type ob-
servables”.
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FIG. 3: An illustration of the difference between a weighted cross section, and a more standard jet observable.
For a weighted cross section, shown in (a), a weighting function ω(X) is applied to the final state (here the cut is
illustrated by the black bar). For a more standard jet observable, shown in (b), the final state is constrained by
an operator eˆ(X), and the cross section is calculated as a function of this constraint.
to the energy flow polynomials [39]. The operator valued
δ-function in Eq. (7) is formally defined by its moments
δ(e− eˆ) = δ(e) + eˆδ(1)(e) + · · ·+ eˆ
n
n!
δ(n)(e) + · · · , (12)
and observables of this form therefore require the knowl-
edge of correlators of an infinite number of energy flow
operators. In particular, we conclude that any observ-
able that is defined by specifying its value on the final
state involves an infinite number of energy correlators to
define it (again, up to the fact that there are only a finite
number of particles in real world applications).
In this paper, we want to advocate that the use of
weighted cross sections provides many advantages, par-
ticularly in the context of precision calculations. The
fact that standard observables involve an infinite sum
over all moments hints that they are sure to be a more
complicated object, and are likely to obscure the sim-
ple symmetry properties of the underlying energy cor-
relators. While in perturbation theory, this is perhaps
acceptable,4 we will see that this complication is par-
ticularly transparent when considering non-perturbative
effects such as the inclusion of track information. In par-
ticular, we will show that observables involving only a
finite number of energy correlators is particularly conve-
nient, will require only a finite number of moments of
non-perturbative functions, instead of an infinite num-
ber. This allows for new calculations of track based ob-
4 Although we should emphasize that the perturbative simplicity
of energy correlator observables has enabled a number of analytic
calculations [24, 29, 34–36] that were not possible for standard
δ-function observables, leading to valuable perturbative data for
improving our understanding of event shapes [55].
servables, and is one of the key points that we wish to
emphasize in this paper.
Although it is not the primary goal of this paper, it
is also worth emphasizing that the nature of the physics
being probed by the “weighted observables” such as the
energy correlators, as compared with δ-function type ob-
servables is actually quite different. In particular, energy
correlators are by definition probing energy correlations
at a particular angular scale. This ensures that they
probe the collinear core of a jet, and are insensitive to
wide angle soft radiation. This is quite distinct from
having a constraint δ(e − eˆ) and demanding e  1 as
is commonly done in jet substructure. Due to the en-
ergy weighting necessary in the observable for infrared
and collinear safety, this condition is also satisfied by
soft radiation, giving rise to soft sensitivity. There has
been much interest in the jet substructure community
in achieving observables that are insensitive to soft ra-
diation, primarily focused on starting with observables
that are soft sensitive and eliminating this sensitivity by
grooming. However, the restriction to collinear physics
can be automatically achieved by starting with weighted
cross sections, and we believe that this perspective is ben-
eficial from a theoretical perspective.
Finally, we conclude this section with a comment on
the adoption of “observables” as opposed to weighted
cross sections in the study of jet substructure at the LHC.
The rejuvenation of the study of the dynamics of QCD
jets was largely driven by the search for beyond the Stan-
dard Model physics, and in particular, the construction of
jet observables that tag jets with particular energy flows.
Unlike standard “observables”, weighted cross sections
do not take a single value on a given jet, and therefore
6by themselves are not obviously useful for tagging.5 As
jet substructure has transitioned to the precision study
of QCD properties, the same observables originally used
for tagging have continued to be used. However, as we
will argue in this paper, in the context of precision mea-
surements, we should completely reconsider the classes of
observables that are used in the study of jet substructure,
and we will show that energy correlators offer a number
of significant advantages.
A. Incorporating Tracks
One of the key advantages of weighted cross sections
that we highlight in this section is that they interface in a
simple manner with tracking information. This should be
intuitive: instead of weighting by the total energy flow-
ing in a particular direction, one must simply change to
weighting by the energy flowing in tracks in that direc-
tion. This modification only requires the knowledge of
a single (measurable) non-perturbative number, the av-
erage energy converted into tracks, see Fig. 4. The goal
of this section is to make this precise using the language
of track functions. The results of this section hold for
generic angles between the energy correlators, and are
not restricted to the collinear limit. The collinear limit
will be considered in more detail in Sec. VI, and here we
will find additional simplifications that arise when con-
sidering resummation with tracks.
In [6, 7] an elegant field theoretic formalism for the
treatment of tracks was developed6 that allows for the
separation of perturbative and non-perturbative physics
through the introduction of a track function Ti(x), with
i denoting the parton label, i = q , g. The precise field
theoretic definition of the track function is not required
here. It describes the distribution in energy fraction of a
parton i that hadronizes into tracks (charged particles)
with four momentum p¯µi = xp
µ
i + O(ΛQCD). Here 0 ≤
x ≤ 1 and the track function satisfies the sum rule
1∫
0
dx Ti(x, µ) = 1 . (13)
The track function is a non-perturbative object, but has
a calculable scale (µ) dependence, similar to a fragmen-
tation function. We will define the following shorthand
5 Although, as mentioned above, their moments are directly re-
lated to the energy flow polynomials which are a basis of tagging
observables [39]. It would also be interesting to understand how
to use weighted cross sections in the search for new physics. For
an early example of an observable that is closely related to the
energy correlators being used for new physics searches, see [56].
6 See also [57] for a generalization of the track function and jet
charge formalism to fractal observables.
notation for the moments of the track function
T
(n)
i =
1∫
0
dx xn Ti(x, µ) . (14)
At the level of detail that we work to in this section,
one can imagine that to convert a perturbative calcula-
tion to a calculation on tracks, one must simply tack a
track function onto each parton [6, 7]. However, we will
see that this process is much simpler for weighted cross
sections as compared to δ-function type observables.
We first consider the case of an observable defined with
a δ-function
dσ
de
=
∑
N
∫
dΠN
dσN
dΠN
δ [e− eˆ({pµi })] , (15)
where we use dσN to denote the N -body differential cross
section, and dΠN the N -body Lorentz invariant phase
space measure. The observable defined on tracks is then
given by
dσ
de¯
=
∑
N
∫
dΠN
dσ¯N
dΠN
∫ N∏
i=1
dxi Ti(xi)δ [e− eˆ({xipµi })] .
(16)
Here we have followed the notation of [7] where the bar
over the observable indicates the observable measured on
tracks. In Eq. (16), dσ¯N/dΠN denotes a matching coeffi-
cient. In general, the analytic calculation of observables
on tracks is complicated because the measurement con-
straint now involves the variables xi. This is not only a
technical complication, but as we will see shortly, it will
also imply that the observable depends on the complete
functional form of the non-perturbative track function.
On the other hand, for an energy correlator it is triv-
ial to incorporate tracking information, since this just
rescales the weight function. This is shown schemati-
cally in Fig. 4. For a particular partonic configuration
(and for well separated correlators), the conversion to
tracks is achieved by making the following replacement
for the weights
Ei →
∫
dxi xiTi(xi)Ei = T
(1)
i Ei . (17)
In other words, in going to a calculation in tracks,
the first moment of the track function appears as a
multiplicative constant for the weight, either T
(1)
q or
T
(1)
g (T
(n)
q = T
(n)
q¯ due to the charge conjugation invari-
ance of QCD). This means that at any loop order one
can trivially convert partonic calculations for the energy
correlators to calculations on tracks. The moments of the
track functions can then be directly measured in experi-
ment.
As an example to illustrate the difference in complexity
between these two situations, we consider the LO calcu-
lation for both the thrust observable, which is a standard
7FIG. 4: Energy correlators using tracks. a) When the
detectors are widely separated, only the first moment
of the track functions appear, and simply rescales the
weighting function. b) Higher moments of the track
functions appear in contact terms when the two de-
tectors are placed at the same angle. These contact
terms are necessary for describing collinear limits.
observable of the form of Eq. (7), and the two-point en-
ergy correlator (EEC). The LO calculation for thrust was
presented in [6],
dσ
dτ¯
=
1∫
0
dy1dy2
dσ¯(µ)
dy1dy2
1∫
0
dx1dx2dx3Tq(x1)Tq(x2)Tg(x3)
δ [τ¯ − τ¯(y1, y2, x1, x2, x3)] , (18)
with
dσ¯(µ)
dy1dy2
= σ0
αs(µ)CF
2pi
θ(y1 + y2 − 1)(y21 + y22)
(1− y1)(1− y2) , (19)
where y1 = 2Eq/Q, y2 = 2Eq¯/Q are the normalized
parton energy, and the measurement function for track
thrust is
τ¯ = θ[x1x3(1− y2)− x1x2(1− y3)]
· θ[x2x3(1− y1)− x1x2(1− y3)]x1x2(1− y3)
+ θ[x2x3(1− y1)− x1x3(1− y2)]
· θ[x1x2(1− y3)− x1x3(1− y2)]x1x3(1− y2)
+ θ[x1x3(1− y2)− x2x3(1− y1)]
· θ[x1x2(1− y3)− x2x3(1− y1)]x2x3(1− y1) , (20)
where y3 = 2− y1 − y2. Already at LO, one can see that
this calculation is non-trivial, and the result involves the
complete functional dependence on the non-perturbative
track functions. This also makes it complicated to in-
terface with numerical calculations performed using sub-
traction schemes.
On the other hand, for the EEC, the calculation at LO
is trivial, since it simply involves weighting the contribu-
tion from the correlation of two quarks by (T
(1)
q )2 and
the contribution from the correlation of a quark and a
gluon by T
(1)
q T
(1)
g . For an e+e− source, we find
EEC(z) = σ0
αs
2pi
CF
(
(T (1)q )
2I1(z) + 2T
(1)
q T
(1)
g I2(z)
)
,
(21)
where
I1 =
(
1
6z2
+
1
z3
− 4
z4
)
1
1− z +
(
3
z4
− 4
z5
)
ln(1− z)
1− z ,
I2 =
(
53
12z2
− 41
4z3
+
13
2z4
)
1
1− z
+
(
13
2z5
− 7
z4
+
2
z3
)
ln(1− z) , (22)
and z = (1 − cos θ)/2 is the angle between the two cor-
related partons. This calculation involves no additional
complexities as compared to the standard fixed order cal-
culation, and only requires knowledge of the first mo-
ments of the track functions, which are numbers (not
functions). Calculations beyond LO are possible using
the ingredients of the ordinary EEC calculation [34, 35].
To deal with collinear limits, as illustrated in Fig. 4,
one must also consider the placement of multiple corre-
lators on the same parton. For an N -point correlator,
one must consider up to N correlators placed on a single
parton. If N correlators are placed on the same parton,
one gets the n-th moments of the track functions
Eni →
∫
dxi x
n
i Ti(xi)E
n
i = T
(n)
i E
n
i . (23)
These higher moments will be required when we consider
the resummation of the track energy correlators in the
collinear limit.
To illustrate the presence of these higher moments, we
can consider the gluon jet function for the EEC in the
collinear limit. This was computed without tracking in-
formation through two loops in [32]. For the differential
jet function,7 the scale-independent piece was found to
be
jg(z) = δ(z) +
αs
4pi
(
14
5
CA +
1
5
nf
)[
1
z
]
+
+ δ(z)
αs
4pi
(
−898
75
CA − 14
25
nf
)
. (24)
On tracks the result is simply
jg(z) = δ(z)T
(2)
g (25)
+
αs
4pi
(
14
5
CA(T
(1)
g )
2 +
1
5
nf (T
(1)
q )
2
)[
1
z
]
+
+ δ(z)
αs
4pi
(
−898
75
CA(T
(1)
g )
2 − 14
25
nf (T
(1)
q )
2
)
+O(α2s) .
This result is intuitive, in particular the second moments
T
(2)
g and T
(2)
q appear as the coefficients of the leading or-
der δ(z) contact terms, while the terms with a non-trivial
z dependence are weighted by (T
(1)
q )2 or (T
(1)
g )2, arising
from the detectors being placed on distinct particles, fol-
lowing the replacement rule in Eq. (17).
We can again compare this to a track based calcula-
tion for an observable defined via a δ-function constraint.
7 Later, we will also need the integrated jet function, which is
simply the cumulant of the differential jet function.
8Even for a “simple” observable such as thrust, the one-
loop jet function contains complicated dependence on the
track functions. We do not reproduce the full result here,
which can be found in Eq. (48) of [6], but illustrate just
a couple terms in the result
J¯(s¯, x, µ) ⊃ αsCF
2pi
1∫
0
dx2
1∫
0
dz
z
Tq
(
x− (1− z)x2
z
)
Tg(x2)
[
1
µ2
L0
(
s¯
µ2
)
(1 + z2)L0(1− z) (26)
+δ(s¯)
(
(1 + z2)L1(1− z) + ln
(
xz2
[x− (1− z)x2]x2
)
(1 + z2)L0(1− z) + 1− z
)]
.
Here L0 and L1 are standard plus functions. This result
involves the complete functional dependence of the track
functions, which are non-perturbative objects. It also
suggests that calculations at two, or three loops would
be quite complicated. From our perspective, this com-
plicated dependence is easily understood as arising from
the fact that the thrust observable requires knowledge of
an infinite number of correlators.
One final comment is in order. It is standard to con-
sider cross sections where the weight is a conserved quan-
tity. Here of course, the track number, or the “energy in
tracks”, is not conserved, nor is it related to a combina-
tion of standard Noether charges. Nevertheless, we can
formally define a charged energy flow operator as
Tc(~n) =
∞∫
0
dt lim
r→∞ r
2niT c0i(t, r~n) , (27)
with the action on a state is
Tc(~n)|X〉 =
∑
i∈Xc
k0i δ
(2)(Ω~ki − Ω~n)|X〉 . (28)
Here T c is the stress tensor but only involving the charged
fields, and similarly Xc denotes the charged particles in
the state X. This gives energy correlators measured on
tracks a clean field theoretic definition.
It would be interesting to compute the full angle EEC
on tracks at higher perturbative orders. This is straight-
forward analytically at NLO following the calculations of
[34, 35], since going from a standard perturbative calcu-
lation to a calculation on tracks simply requires tagging
partonic configuratiosn with appropriate track functions.
It could also be performed numerically at NNLO using
standard subtraction schemes.8 As with the standard
EEC, there exists a sum rule relating the integrated EEC
cross section to the total energy in tracks, which can be
computed perturbatively [7]. Such a calculation could be
8 The EEC observable has been calculated numerically at NNLO
using the ColorfulNNLO subtraction scheme [58, 59].
interesting for attempting to resolve potential discrepan-
cies for αs extractions from event shapes, both by pro-
viding an additional handle, and since the experimental
data for track observables is significantly more precise.
B. Incorporating Charges
Although we will not discuss it in much detail in this
paper, it should also be immediately clear that we can
extend the above discussion of tracks to the calculation
of charge correlators. Here we will consider the measure-
ment of the object E ·Q. i.e. we define the operator
Q1(~n) =
∞∫
0
dt lim
r→∞ r
2niJ0(t, r~n)T0i(t, r~n) , (29)
where the notation follows that in [9], namely that the
subscript 1 indicates the energy weighting. The energy
weighting is convenient experimentally, and will also keep
the renormalization group evolution identical to that of
the energy correlators. Charge correlators without the
energy weighting are also interesting, and have been stud-
ied in detail in N = 4 SYM [22–24], and at leading order
in QCD [60], but we will not study them here.
The one point correlators 〈Q1(~n1)〉 which measure the
average charge of the jet, as well as the two point con-
tact term 〈Q1(~n1)Q1(~n1)〉, which measures the width of
the jet charge distribution on a jet, have both been stud-
ied in [9, 10], and have been measured [11–13]. In fact,
the entire jet charge distribution has been measured, so
in principle all the moments are known. Like the track
functions these objects are non-perturbative, but their
renormalization group evolution can be computed per-
turbatively [9].
One can now study multi-point correlators of these
objects, 〈Q1(~n1)Q1(~n2) · · · Q1(~nN )〉, or correlators with
some standard energy operators stuck in. Here, just as
with the track functions, the angular dependence can be
computed perturbatively, and the only non-perturbative
inputs that are required are integer moments of the ap-
propriate non-perturbative functions. For example for
9the two-point correlator, one needs the following mo-
ments of the fragmentation functions
D˜Qi =
∑
h
Qh
1∫
0
dz zDhi(z, µ) , (30)
D˜Q
2
i =
∑
h
Q2h
1∫
0
dz z2Dhi(z, µ) . (31)
In QCD one has the relations
D˜Qg =
∑
h
Qh
1∫
0
dz zDhg(z, µ) = 0 , (32)
and
D˜Q
n
q = (−1)nD˜Q
n
q¯ , (33)
These were extracted from various parton shower pro-
grams in [9]. For a generic N -point correlator, one also
needs
D˜Q
n
i =
∑
h
Qnh
1∫
0
dz znDhi(z, µ) . (34)
With these, one can then immediately algorithmically
weight partons in perturbative calculations to obtain cor-
relators of Q1. We will not discuss these objects further
in this paper, but we think they would be interesting to
measure, and calculate to higher orders. They probe in-
teresting correlations well beyond what have been studied
previously.
III. EXPERIMENTAL OBSERVABLES
Having illustrated the simple properties of the energy
correlators, one may be under the impression that they
are a fairly constrained set of observables. For example,
the two point energy correlator by itself is a single ob-
servable (unlike the angularities [42] one cannot add an
angular weighting to their definition), and higher point
correlators become increasingly complicated functions of
multiple variables that are not easily amenable to exper-
imental analyses. To overcome this, the goal of this sec-
tion is to introduce an infinite family of experimentally
convenient observables that depend on a finite number of
energy correlators.
A. Projected Energy Correlators
The simplest class of observables are distributions of a
single scaling variable. We would therefore like to gener-
alize the two point correlator to obtain scaling variables
that probe complementary aspects of the collinear struc-
ture of jets.
The simplest extension of the two point correlator is
to consider higher point correlators, but integrate out
all the information about the shape keeping the longest
side fixed. This effectively determines the size of the N
points being measured. We should point out that this
is not the only way to integrate out information. A
different possibility is to find the diameter of the min-
imal enclosing circle of the N points being measured,
and use this diameter as the scaling variable. We will
refer to these observables as “projected N -point corre-
lators”. In this paper we will consider the longest side
definition only, and will later show how to generalize this
definition to non-integer values of N , which we will re-
fer to as ν-correlators. Studying the dependence on the
longest side gives access to the scaling behavior of higher
point correlators. We will begin by defining these ob-
servables in e+e− collisions, where they are defined for
generic angles. We will then consider their restriction to
the collinear limit, where they can be defined on jets at
the LHC. Throughout this section we will provide defini-
tions in both a continuum (or CFT) language, as well as
in a particle language applicable for experimental mea-
surements at the LHC.
We define the projected N -point correlator as
dσ[N ]
dxL
=
∫
dΩ~n1
∫
dΩ~n2δ(xL −
1− ~n1 · ~n2
2
)
N∏
k=3
∫
dΩ~nk
Θ({~n})
∫
d4x
eiq·x
QN
〈0|O†(x)E(~n1)E(~n2) . . . E(~nN )O(0)|0〉 ,
(35)
where
dΩ~n =
1
4pi
sin θdθdφ , (36)
is the area element on the celestial sphere. The integra-
tion region for dΩ~nk is specified by
Θ({~n}) =
∏
1≤i<j≤N
i+j>3
θ(|~n1 − ~n2| − |~ni − ~nj |) , (37)
namely, we fix the angular distance between the first two
energy flow operators to be xL = (1− cos θ12)/2, and in-
tegrate over the remaining operators with the constraint
that their mutual angular distance, as well as their an-
gular distance with respect to the first two operators, to
be smaller than xL. Taking the concrete case of the pro-
jected three point correlator, this definition involves in-
tegrating the three point correlator (whose analytic form
was computed at LO in [29]) over the configuration space
of three points shown in Fig. 5. The integration over
E(~nk), k > 2 will lead to contact terms when two or
more energy flow operator are placed at the same point
in the celestial sphere. Such terms are straightforward
to deal with in the momentum space factorization lan-
guage in D = 4 − 2 dimension [32]. In particular, the
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integration over the area is non-singular, as is guaranteed
by the average null energy condition.9 The finiteness of
the integration ensures the infrared and collinear (IRC)
safety of the observable.
By definition the projected N -point correlators have
support for xL ∈ [0, 1], and obey the sum rule∫ 1
0
dxL
dσ[N ]
dxL
= σtot , (38)
which follows from
∑
1≤i1,...,iN≤n
∏N
a=1Eia
QN
=
(
∑n
i=1Ei)
N
QN
= 1 . (39)
This is an extension of the sum rule for the two point
case [28, 32, 33].
We can also define the projected N -point correlators
on a discrete set of particles. This is more convenient
for experimental measurements and perturbative calcu-
lations in momentum space. Suppose we have a scat-
tering with center-of-mass energy Q into n particles,
{p1 , p2 , . . . , pn}. The projected N -point correlator can
then be calculated as
dσ[N ]
dxL
=
∑
n
∑
1≤i1,...,iN≤n
∫
dσe+e−→Xn
∏N
a=1Eia
QN
· δ(xL −max{xi1i2 , xi1i3 , . . . , xiN−1iN }) , (40)
where Xn denotes a n-particle final state and xij =
(1− ~ni · ~nj)/2 = (1− cos θij)/2 is the two-particle angu-
lar distance. The summation over n is needed to ensure
IRC safety, and in the second sum, we allow the ia = ib
term, which corresponds to the contact term mentioned
before. The δ-function picks out the largest angle sepa-
ration in the N(N − 1)/2 angles. Eq. (40) applies non-
perturbatively. In perturbation theory, Xn consists of
asymptotic quarks and gluons, while non-perturbatively
it consists of discrete hadrons. For N = 2 this reduces to
the usual definition of the EEC.
In a simulation or experiment, Eq. (40) can be imple-
mented as follows. For a scattering event consisting of n
final-state particles, the weight in the bin [xL−∆, xL+∆]
is given by
W∆(xL) =
1
2∆
∑
1≤i1,...,iN≤n
∏N
a=1Eia
QN
(41)
· θ(max{xi1i2 , xi1i3 , . . . , xiN−1iN } − (xL −∆))
· θ(xL + ∆−max{xi1i2 , xi1i3 , . . . , xiN−1iN }) .
9 The integration of the energy flow operator over a small area
element gives the energy ω deposited in that area. The ANEC
states that ω is always semi-positive, and the finiteness of total
energy implies that ω is finite.
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FIG. 5: The geometry of the three point correlator:
the longest side is placed along the real axis, and the
third point of the triangle, z3 lies inside the shaded
blue region. The region to the left of the dashed line is
related by parity. To define the projected correlator,
z3 is integrated over the shaded blue region.
The full histogram is obtained by filling all the bins, sum-
ming over all events, and dividing by the total number
of events.
At lowest order in perturbation theory, it is straight-
forward to calculate the projected N -point correlator an-
alytically for generic angles. As an example, for N = 3
and 0 < xL < 1, we have for e
+e− annihilation
dσ[3]
dxL
= σ0
αs
4pi
CF
[
− 3
(
20x3L − 75x2L + 87xL − 30
)
ln(1− xL)
2(1− xL)x6L
− 3
(
8x3L − 83x2L + 144xL − 60
)
4(1− xL)x5L
+ θ(xL − 3
4
)
·
(
− 3
(−256x4L + 1264x3L − 2088x2L + 1407xL − 333)
8(1− xL)x6L
− 3
(
8x4L − 56x3L + 123x2L − 105xL + 30
)
ln(1− xL)
(1− xL)x6L
+
6
(
8x3L − 48x2L + 75xL − 30
)
ln(2)
x6L
)]
+O(α2s) ,
(42)
where the first two lines are due to contributions where
two (and only two) indices in i1 , i2 , i3 are identical in
Eq. (40) (2-particle contribution), while the term pro-
portional to the step function θ(z − 3/4) is due to the
contribution where i1 < i2 < i3 (3-particle contribution).
The point with xL = 3/4 comes from the Mercedes-Benz
configuration, where the pair-wise angle is 2pi/3. This
is the fully symmetric configuration for a three particle
final state. This number will decrease order by order in
perturbation theory, and for a perfectly spherical sym-
metric radiation pattern will reduce to 0. In Fig. 6, we
plot the projected 3-point correlator at O(αs) (weighted
by xL(1− xL) to suppress the contact term), along with
the separate 2- and 3-particle contributions. As a com-
parison we also show the result for the standard EEC.
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The projected correlators are particularly convenient
in the collinear limit where the non-analytic behavior
(e.g. the θ-function in Eq. (42)) that is present for generic
angles is power suppressed. For jets at the LHC, one can
simply define the identical observable, but restricted to
the constituents of a jet identified using some jet algo-
rithm.
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FIG. 6: Comparision between the standard EEC and
the projected 3-point correlator at O(αs). Plotted
here is the coefficient of σ0CFαs/(4pi). We have also
multiplied the distribution by xL(1− xL) to suppress
the collinear (xL → 0) and back-to-back (xL → 1) sin-
gularities. The remaining singular behavior at xL → 1
is due to Sudakov double logarithms.
B. Ratios of Projected Correlators
An appealing feature of having multiple observables
that depend on the same variable xL, is the ability to take
ratios. Such ratios should be more robust experimentally,
and are therefore candidates for precision measurements
of the strong coupling.
We define the ratio observable
dσ[N,M ]
dxL
=
dσ[N]
dxL
dσ[M]
dxL
. (43)
The case with M = 2 and N = 3 is a particularly inter-
esting candidate observable for precision studies, since
it should be calculable with relative ease to NNLL, and
we expect that many uncertainties will drop out in the
collinear limit. It is also convenient for probing αs, since
up to quantum corrections, the variables dσ[N ]/dxL ∼
γ(N + 1, αs)/xL, where schematically γ(N + 1, αs) is the
Mellin moment of timelike splitting function. This ratio
is therefore directly proportional to αs. This is analogous
to two/three jet ratios that are often used for measure-
ments of the strong coupling, but in the collinear limit
within a jet.
C. Higher Point Projections
We also wish to emphasize that there are numer-
ous other jet substructure observables that can be con-
structed from the energy correlators to probe increas-
ingly complicated features of jets. In this paper we have
focused on projections to an effective two point correla-
tor. Beyond two-point correlators, there is no longer just
scaling information, but also shape information (and ori-
entation). This shape dependence probes in more detail
the structure of the theory. The three point correlator
in the collinear limit was computed in [29] in N = 4
SYM theory, and in QCD for both quark and gluon jets.
It depends on three variables: the longest side xL and
a complex variable z3 defining the position of the third
point, as illustrated in Fig. 5. It would be interesting
to measure the structure of the three point correlator it-
self, since it provides a detailed probe of the collinear
structure of radiation in quark and gluon jets.
Much like how we generalized the two point correla-
tor to the projected N -point correlator, we can define a
triangle projected N -point correlator. For any N -points,
one can define two triangles by the longest side, and then
the third point by the furthest point from either of the
two ends of the longest side. Both these triangles are
then weighted with the product of the energies of the
N -partons, much like for the two-point correlator. The
two triangles are necessary, since for a triangle one also
has an orientation. We leave the calculation of triangle
projected correlators to future work
This construction can of course be done at higher
points as well. However, while it is feasible to measure
and visualize the four point correlator, it becomes diffi-
cult to visualize higher point correlators, since they de-
pend on a large number of variables. Still we believe that
it is an interesting question to understand what more gen-
eral classes of phenomenologically relevant observables
can be constructed from the energy correlators.
IV. ANALYTIC CONTINUATION
In this section we discuss a potentially more far reach-
ing consequence of jet (and jet substructure) cross sec-
tions expressed directly in terms of energy flow operators,
namely that they are amenable to analytic continuation.
This will allow us to place all the projected N -point cor-
relators into a single analytic family, and to express cal-
culations for arbitrary N -point projected correlators in
terms of a single analytic function. It will also allow us
to define observables that probe N -point correlations for
non-integer N .
Our motivations for this extension are numerous.
First, as we will shortly discuss in some detail, for in-
teger values of N , the anomalous dimension determin-
ing the scaling of the projected N -point correlator is the
N+1 moment of the splitting function. In the case of
a conformal field theory, one can further use reciprocity
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FIG. 7: The LO and NLO predictions for the projected ν-point correlator, for (a) ν = e−1, (b) ν = pi, and (c)
ν = 2 + i. Calculations were performed numerically with Event2. Note the qualitatively different behavior for
ν > 1 and ν < 1, as discussed in the text. The finiteness of the distributions for various ν demonstrate the IRC
safety at two loops. Since these are weighted cross sections, they are allowed to be negative, or even complex.
[61–65] to relate this to the N+1 moment of the twist-2
spin-N+1 anomalous dimensions. In perturbation the-
ory, these are analytic functions of N ,which has recently
been extended to an analytic continuation in spin of the
operators [37]. It is therefore interesting to understand
if these anomalous dimensions govern the behavior of jet
observables. This analytic continuation also provides the
potential of directly probing BFKL physics in timelike
jets at the LHC, as we will describe in more detail in
Sec. IV C.
Secondly, analytic continuation of observables places
them in a much more rigid structure, which we hope will
improve our understanding of jet substructure observ-
ables. In the study of jet substructure it is common to
speak of observables, such as the angularities [42], as a
family of observables depending on an angular weight.
This angular weighting, which is often called β, can then
be tuned to probe different physics within the jet. How-
ever, the angularities are not an analytic function of β,10
and the parameter β does not have a direct interpreta-
tion in the underlying field theory. The ν-correlators in-
troduced in subsection .IV A achieve an extension of the
two-point correlator that is analogous to the angularities
in that there is a single parameter that can be varied, but
the ν-correlators are analytic functions of this parameter,
and there is a direct operator interpretation of ν in the
field theory.
Finally, and more generally, one would ultimately like
more sophisticated ways of designing observables that
probe specific field theoretic features of jets. It may
turn out that the observables with the simplest analytic
properties have complicated algorithmic definitions, po-
tentially involving infinite correlations of particles within
jet. Analytic continuation offers a genuinely new way of
constructing jet substructure observables, and may al-
low for a new organization of observables. Here we will
10 It is possible that with the use of a recoil free axis, angularities
could be analytic functions of β [66].
consider observables that probe the twist-2 collinear dy-
namics of jets, however, one can imagine other analytic
families of observables that probe, for example, twist-3
dynamics.
A. Definition of ν-Correlators
While it is clear that we can analytically continue ana-
lytic functions arising in calculations, what is remarkable
is that we are able to present an observable, that can ac-
tually be measured on jets of hadrons at the LHC, that
corresponds to these analytically continued functions. In
this section we will show how this is done, and verify its
consistency at next-to-leading order.
To understand how to analytically continue the N -
point correlators to generic complex values of N , we must
think of the observable in a manner that is appropriate
for analytic continuation. From here on we will use ν
instead of N to emphasize that we are dealing with non-
integer point correlators. The standard N -point pro-
jected correlator can be understood as measuring the
largest angle within each group ofm ≤ N particles within
the jet, and assigning a weight based on the energies of
the m particles in the jet. The restriction m ≤ N is due
to the fact that we can place multiple correlators on the
same particle. The relative weightings can be thought of
as arising from the binomial formula. For example for
the three point correlator with three particles we have,
(E1 + E2 + E3)
3 = 6(E1E2E3) + (E
3
1 + E
3
2 + E
3
3) (44)
+ (3E21E2 + 3E
2
1E3 + 3E
2
2E3 + 3E
2
1E1 + 3E
2
3E1 + 3E
2
3E2) ,
where the first line describes energy correlators placed
on three distinct particles, and the second and third line
describe contact terms. Observables constructed in this
manner are guaranteed to be infrared and collinear safe,
at least when integrated over the angles, due to the sum
rule in Eq. (38). Since these are polynomial weightings,
they provide a starting point for performing the analytic
continuation. It should be intuitively clear at this point
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that for generic values of ν, the analytically continued
observables will probe infinite correlations, since the ex-
pansion of (E1 + E2 + E3)
ν using the binomial theorem
does not collapse to a finite sum unless ν is an integer.
We define the analytic continuation of the N -point cor-
relator, which we call a ν-correlator, as
dσ[ν]
dxL
=
∑
n
∫
dσe+e−→Xn ·
[ ∑
1≤i1≤n
W [ν]1 (i1)δ(xL) +
∑
1≤i1<i2≤n
W [ν]2 (i1, i2)δ(xL − xi1i2)
+
∑
1≤i1<i2<i3≤n
W [ν]3 (i1, i2, i3)δ(xL −max{xi1i2 , xi1i3 , xi2i3}) + . . .
+
∑
1=i1<i2<...<in=n
W [ν]n (i1, i2, . . . , in)δ(xL −max{xi1i2 , xi1i3 , . . . , xin−1in})
]
, (45)
where each term in the square bracket probe a specific number of particles being measured. In the last line the
summation collapses into a single term. The weights for the different numbers of particles being correlated are
W [ν]1 (i1) =
Eνi1
Qν
,
W [ν]2 (i1, i2) =
(Ei1 + Ei2)
ν
Qν
−
∑
1≤a≤2
W [ν]1 (ia) ,
W [ν]3 (i1, i2, i3) =
(
∑3
a=1Eia)
ν
Qν
−
∑
1≤a<b≤3
W [ν]2 (ia, ib)−
∑
1≤a≤3
W [ν]1 (ia) ,
. . . ,
W [ν]n (i1, . . . , in) =
(
∑n
a=1Eia)
ν
Qν
−
∑
1≤a1<a2<...<an−1≤n
W [ν]n−1(ia1 , ia2 , . . . , ian−1)− . . .−
n∑
1≤a≤n
W [ν]1 (ia) . (46)
This observable obeys, by construction, the sum rule∫ 1
0
dxL
dσ[ν]
dxL
= σtot . (47)
As expected, for generic values of ν this observable in-
volves correlations of an infinite number of particles.
However, for integer values of ν, the sum collapses. Tak-
ing ν = N , one can easily check thatW [N ]n = 0 for n > N .
In reality, the sum also collapses because there are only
finitely many particles in a collision event. It is there-
fore realistic to measure experimentally, although an effi-
cient algorithm will need to be developed when the par-
ticle number is large. As with the case of the projected
N -point correlator, the ν-correlator can be straightfor-
wardly defined on jets by restricting the sum to particles
within the jet.
B. Infrared Safety at Fixed Order
We now give a proof that Eq. (45) is IRC safe at the
first non-trivial order in perturbation theory. We use
e+e− → qq¯ as an example, and work to O(αs), to illus-
trate a non-trivial soft and collinear cancellation. The
well-known KLN theorem [67, 68] states that inclusive
cross sections in e+e− are infrared finite to all orders
in perturbation theory. At O(αs), the inclusive cross
section can be separated into one-loop two-particle final
states (virtual corrections) and tree-level three-particle
final states (real corrections). While their individual con-
tributions diverge, their sum after integration over their
respective phase spaces is finite,∫
dσV,qq¯ +
∫
dσR,qq¯g =
αs
pi
σ0 . (48)
In particular, dσV,qq¯ = V(αs, )dσ0 contains explicit IR
poles,
V(αs, ) = αs
4pi
CF
(
− 4
2
− 6

+ finite terms
)
, (49)
where we have set µ = Q for simplicity. On the other
hand, the differential three-body cross section dσR,qq¯g is
finite. Divergences arise only after integration over phase
space. We shall consider virtual and real corrections sep-
arately.
For the virtual corrections, we have
dσ
[ν]
V
dxL
=
∫
dσV,qq¯
[(
W [ν]1 (1) +W [ν]1 (2)
)
δ(xL)
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+W [ν]2 (1, 2)δ(xL − 1)
]
, (50)
where in Eq. (50) the weight functions are given by
W [ν]1 (1)
∣∣∣
qq¯
=W [ν]1 (2)
∣∣∣
qq¯
= 2−ν , (51)
W [ν]2 (1, 2)
∣∣∣
qq¯
= 1− 21−ν . (52)
The weight function will in general be different for differ-
ent numbers of particles in the final state, for which we
use a subscript to denote. Virtual corrections contribute
only to the end point of the ν-correlator.
The real corrections can be written as
dσ
[ν]
R
dxL
=
∫
dσR,qq¯g
[(
W [ν]1 (1) +W [ν]1 (2) +W [ν]1 (3)
)
δ(xL)
+
(
W [ν]2 (1, 2)δ(xL − x12) +W [ν]2 (1, 3)δ(xL − x13)
+W [ν]2 (2, 3)δ(xL − x23)
)
+W [ν]3 (1, 2, 3)δ(xL −max{x12, x13, x23})
]
. (53)
We divide the three-body phase space into hard, qg
collinear, q¯g collinear, and large-angle soft radiation re-
gion according to the infrared behavior of QCD matrix
element. In the hard region, the final states are non-
degenerate, and x12, x13, x23 take generic value between
0 and 1. This region is clearly IRC finite.
We now consider the qg collinear limit, 1 ‖ 3. In this
region, we have x13 = 0, x12 = x23 = 1. The real correc-
tions in this region become
dσ
[ν]
R,1‖3
dxL
=
∫
1‖3
dσR,qq¯g
[(
W [ν]1 (1) +W [ν]1 (2) +W [ν]1 (3)
+W [ν]2 (1, 3)
)
δ(xL)
+
(
W [ν]2 (1, 2) +W [ν]2 (2, 3) +W [ν]3 (1, 2, 3)
)
δ(xL − 1)
]
.
(54)
Using Eq. (46), we can simplify this to
dσ
[ν]
R,1‖3
dxL
=
∫
1‖3
dσR,qq¯g
[(
W [ν]1 (2) +
(E1 + E3)
ν
Qν
)
δ(xL)
+
( (E1 + E2 + E3)ν
Qν
− (E1 + E3)
ν
Qν
−W1(2)
)
δ(xL − 1)
=
∫
1‖3
dσR,qq¯g
[
21−νδ(xL) + (1− 21−ν)δ(xL − 1)
]
,
(55)
where in the second equality we have used the collinear
kinematics, E1 + E3 = Q/2. The q¯g collinear limit is
identical due to charge conjugate invariance of QCD,
dσ
[ν]
R,2‖3
dxL
=
dσ
[ν]
R,1‖3
dxL
. (56)
We now consider the large-angle soft radiation region,
3s. We have x12 = 1, and x13 and x23 take generic values
between 0 and 1. The real corrections become
dσ
[ν]
R,3s
dxL
=
∫
3s
dσR,qq¯g
[(
W [ν]1 (1) +W [ν]1 (2) +W [ν]1 (3)
)
δ(xL)
+
(
W [ν]2 (1, 2) +W [ν]3 (1, 2, 3)
)
δ(xL − 1)
+W [ν]2 (1, 3)δ(xL − x13) +W [ν]2 (2, 3)δ(xL − x23)
]
=
∫
3s
dσR,qq¯g
[
(21−ν +W [ν]1 (3))δ(xL)
+ (1− 21−ν +W [ν]1 (3))δ(xL − 1)
−W [ν]1 (3)δ(xL − x13)−W [ν]1 (3)δ(xL − x23)
]
, (57)
where
W [ν]1 (3) =
Eν3
Qν
, (58)
vanishes for Re(ν) > 0. We have shown the IR singu-
larities reside in the end point in the individual contri-
butions. Adding the different regions together, we find
that
dσ
[ν]
V
dxL
+
dσ
[ν]
R,1‖3
dxL
+
dσ
[ν]
R,2‖3
dxL
+
dσ
[ν]
R,3s
dxL
(59)
Re(ν)>0
= [21−νδ(xL) + (1− 21−ν)δ(xL − 1)]
·
[∫
dσR,qq¯ +
(∫
1‖3
+
∫
2‖3
+
∫
3s
)
dσR,qq¯g
]
.
The third line is IRC finite by the KLN theorem. We have
therefore shown that the projected ν-point correlator is
IRC safe at this order. For ν = 1, there is no back-to-
back end-point contribution, δ(xL− 1). This agrees with
the expectation that ν = 1 corresponds to the 1-point
correlator, which only has collinear end-point contribu-
tion, δ(xL).
We have therefore shown that the ν-correlator is IRC
safe at O(αs) for ν > 0. As ν decreases, the ν-
correlator is increasingly sensitive to low energy soft
gluon radiation. It therefore also provides a probe of
non-perturbative soft physics. Since ν is a tunable pa-
rameter, the ν-correlators provide a convenient way to
experimentally probe different aspects of QCD dynamics
in a single style of measurement.
C. Analytic Structure of the ν-Plane
We now discuss in more detail the physics of the ν-
correlators. As we shall show in Sec. V, the scale evo-
lution of the ν-correlators with xL is determined by the
twist-2 spin-ν + 1 anomalous dimensions up to running
coupling effects. The twist-2 anomalous dimensions are
well known to have a rich analytic structure, for example,
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FIG. 8: (a) The analytically continued ν point correlators probe the analytic family of twist-2 spin-j operators
using the collinear physics of jets. For integer values of ν these collapse to the standard N -point correlators. (b)
In the complex ν-plane the observable exhibits poles at negative integer values, related to BFKL physics. The
pole at ν = 0, corresponding to the BFKL pomeron in the spacelike case, is associated with multiplicity in the
time like case. As ν →∞, one observes logarithmic growth in ν associated with the cusp anomalous dimension.
enabling analytic continuation between the DGLAP and
BFKL regimes [69–74] (For a detailed review of the ana-
lytic properties of the twist-2 anomalous dimensions, see
[75].). More recently, there has been renewed interested
in the analytic properties of these operators in the con-
text of conformal field theories [37, 76]. One can therefore
hope that this analytic structure is reflected in the behav-
ior of the ν-correlators, which can be measured in collider
experiments. Here we highlight some of the key features
of the ν-correlators in the ν-plane in Fig. 8b. The resum-
mation of the ν-correlators for generic values of ν will be
presented in Sec. V, and will provide additional insight.
For positive integer ν, the ν-correlators correspond
to standard N -point correlators which evolve with the
anomalous dimensions of the twist-2 spin-N+1 operators,
which are standard local operators. The case N = 2 has
received the most attention [28, 32, 33]. Another positive
integer value of particular interest is ν = 1. In terms of
the matrix elements of energy flow operators, this corre-
sponds to a three-point function, which in a CFT is com-
pletely fixed by symmetry. This has been discussed in de-
tail in [21]. In the context of QCD, the ν = 1 case is the
well-known semi-inclusive hadron production in e+e−,
where perturbative coefficients have been computed to
NNLO [77, 78]. More generally, since the anomalous di-
mension of the stress tensor vanishes, the ν = 1 point
correlator will not exhibit any non-trivial scaling behav-
ior. For ν = 4, the relevant scaling anomalous dimension
corresponds to that of the Konishi operator [79]. Finally,
as ν → ∞, the twist-2 anomalous dimensions scale like
γ(j) ∝ Γcusp ln(j) as j → ∞ (Here we use ν = j − 1
as is common.), where Γcusp is the cusp anomalous di-
mension [80, 81]. Its physical appearance here follows
from arguments analogous to those presented in [82]. It
is also important to comment on the region of applicabil-
ity of our result as ν → ∞. For the results given in this
section we have worked at leading twist. However, even
at weak coupling, due to the logarithmic growth of the
twist-2 anomalous dimension, at sufficiently large j, one
has a level crossing with the twist-four operators. This
level crossing has been studied explicitly in [83]. While
it is theoretically interesting, it occurs when j ' e piαsNc ,
which in perturbation theory seems to be well beyond
what could be considered practically in experiments.
A phenomenologically interesting region is the analytic
continuation towards Re(ν) = 0. It is well known that
both the spacelike and timelike anomalous dimensions di-
verge in this limit in fixed order perturbation theory. At
lowest order, this behavior is a power law γ(ν) ∝ 1/ν.
The anomalous dimension itself must be resummed to
have a well defined scaling in this limit. Although the
EEC is naively a timelike measurement, one can use reci-
procity [63, 64] to show that the scaling of the observable
is determined by the spacelike anomalous dimension in a
conformal field theory [32, 33]. When conformal symme-
try is broken, it naively seems like it must be formulated
as a timelike problem.
In the case of a CFT, reciprocity allows the behavior as
ν → 0 to be interpreted in terms of the BFKL pomeron.
The fact that BFKL dynamics can appear in jet physics
[84] may be surprising, but arises due to a conformal
mapping relating the transverse plane in BFKL dynamics
to the celestial sphere in e+e− annihilation [84–86] (for a
recent discussion see [87]). The BFKL theory [88–90] de-
scribes the behavior of the twist-2 anomalous dimensions
in this limit. In particular, the BFKL equation [91]
ν
−4g2 = Ψ
(
−γ
2
)
+ Ψ
(
1 +
γ
2
)
− 2Ψ(1) , (60)
relates the anomalous dimension γ and ν in this limit.
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Inverting this equation, we have the behavior of γ as
ν → 0 [91]
γ = 2
(−4g2
ν
)
− 4ζ3
(−4g2
ν
)4
+ · · · . (61)
Therefore the divergence of the anomalous dimension
which controls the scaling of the measurable jet observ-
able is controlled by the BFKL equation.
In the timelike case, the resummation of the anomalous
dimension as ν → 0 has been studied in the context of
multiplicity. There it is well known (see e.g. [92, 93])
that as ν → 0, the anomalous dimension takes the form
γ = −1
4
(√
ν2 +
8CAαs
pi
− ν
)
, (62)
which now has a finite limit as ν → 0. As we will discuss
in more detail shortly, this provides some insight into
the physical interpretation of the ν-correlator as ν → 0
as a form of multiplicity correlation. Multiplicity itself
is both soft and collinear unsafe, but can be made soft
safe after resummation of the scaling anomalous dimen-
sion. Here ν, which corresponds to the energy weighting
in the observable is tracking the soft safety of the ob-
servable, while the resolution parameter xL, is tracking
the collinear safety. We will see later that as xL → 0,
the ν point correlator for ν < 1 diverges, corresponding
to the fact that multiplicity and multiplicity fluctuations
diverge as the scale at which they are probed (loosely the
infrared regulator) is taken to zero.
There is also an intriguing parallel with the analytic
continuation of twist-2 operators considered in [37, 94].
There the operators which analytically continue the
twist-2 operators to non-integer spin collapse to local
operators at integer values. This is analogous to how
the ν-correlators collapse to correlating finite numbers of
particles within jets for integer values of ν. It would be
interesting to understand more formally this connection.
V. RESUMMATION FOR THE ν-CORRELATOR
In this section we discuss the factorization and resum-
mation of the ν-correlator for generic values of ν, and
present results through NLL accuracy. The resummed
results also provide considerable insight into the physical
interpretation of the ν-correlators for non-integer values
of ν that was discussed in the previous section.
A. Factorization Formula
In the small angle limit, we propose a timelike factor-
ization formula for the ν-correlator
Σ[ν](xL, ln
Q2
µ2
) =
∫ 1
0
dxxν ~J [ν](ln
xLx
2Q2
µ2
) · ~H(x, Q
2
µ2
) ,
(63)
where we have suppressed the αs(µ) dependence in all
functions. This is an extension of the factorization for-
mula for the EEC presented in [32]. This factorization
holds both in conformal and non-conformal theories. The
hard function satisfies the timelike DGLAP evolution
equation,
d ~H(x, ln Q
2
µ2 )
d lnµ2
= −
∫ 1
x
dy
y
P̂ (y) · ~H
(
x
y
, ln
Q2
µ2
)
, (64)
where P̂ (y, αs) is the singlet timelike splitting matrix.
From RG invariance of the physical cross section, we find
that the jet function satisfies a modified timelike DGLAP
evolution equation,
d ~J [ν](ln xLQ
2
µ2 )
d lnµ2
=
∫ 1
0
dy yν ~J [ν](ln
xLy
2Q2
µ2
) · P̂ (y) .
(65)
This is one of the main results in this paper. It is sur-
prising that while the measurement defined by the ν-
correlator can become quite involved, its scale depen-
dence is simple and is fixed completely by RG invariance
argument. This illustrates the power of factorization.
B. Hard Function
The hard functions for the ν-correlators are equal to
the coefficient functions for semi-inclusive hadron frag-
mentation [77, 78], and are only sensitive to the hard
scale Q of the problem. They are vectors in flavor space,
~H(x, ln
Q2
µ2
) = (Hq(x, ln
Q2
µ2
), Hg(x, ln
Q2
µ2
)) , (66)
where Hq(x, lnQ
2/µ2) is the probability of finding a
quark (or anti-quark) with momentum fraction x =
(2p · q)/Q2, where p is the momentum of the quark, and
q2 = Q2, and similarly for Hg. We consider two processes
in this paper: e+e− annihilation, ~Hee, and Higgs decay,
~Hh. To achieve the NLL accuracy considered in this pa-
per, we need the hard functions to NLO, which we give
in Appendix 1.
C. Jet Function
The jet function, which depends on the details of the
measurement (and hence ν) is a vector in flavor space,
~J [ν] =
(
J
[ν]
q
J
[ν]
g
)
. (67)
We expand the jet function in the strong coupling con-
stant as
J [ν]q = J
q,[ν]
0 +
αs
4pi
J
q,[ν]
1 +
(αs
4pi
)2
J
q,[ν]
2 + . . . , (68)
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and similarly for the gluon jet function. The LO jet func-
tion is given by
J
q,[ν]
0 = J
g,[ν]
0 = 2
−ν . (69)
We have chosen a slightly different normalization for the
jet function as compared with Ref. [32]. The 2−ν factor
arises because here we normalize the energy correlators
to Q−ν , which at LO is twice the jet pT . If instead we
normalized the energy correlators to (pjetT )
−ν , the overall
factor of 2−ν would be absent. The latter normaliza-
tion may be convenient for jet production at the LHC.
We keep track of the 2−ν factor when analytic formulas
are presented, so that conversions between the different
normalizations is straightforward.
At one loop order the jet function can be calculated
from the QCD 1→ 2 timelike splitting kernel,
αs
4pi
J
i,[ν]
1 =
µ2eγE
(4pi)
∫ 1
0
dx
∫ xLx(1−x)Q2
0
ds
[x(1− x)s]−
(4pi)2−Γ(1− )
· 2g
2
s
Pi→12(x)W [ν]2 (1, 2) , (70)
where γE = 0.577216 . . . is Euler’s gamma constant, s
is the invariant mass of the splitting pair, and x is the
momentum fraction of the daughter particle 1, and
W
[ν]
2 (1, 2) = 2
−ν(1− xν − (1− x)ν) . (71)
To this order, the relevant fragmentation kernels are
Pgq(x) = CF
(
1 + (1− x)2
x
− x
)
,
Pgg(x) = 2CA
(1− x+ x2)2
x(1− x) ,
Pqg(x) =
1
2
(
1− 2x(1− x)
1− 
)
. (72)
We find the bare one-loop jet function to be (for the
g → gg splitting, an additional symmetry factor 1/2 is
needed in the phase space of Eq. (70))
2νJ
q,[ν]
1 = CF
[
3(ν − 1)− 4(ν + 1)(Ψ(ν) + γE)
ν + 1
(
1

− ln xLQ
2
µ2
)
+
13ν3 + 24ν2 − 25ν − 12
ν(ν + 1)2
− 4(Ψ(ν) + γE)2 − 12(Ψ(ν) + γE)
ν + 1
+ 12Ψ′(ν)− 2pi2
]
+O() ,
2νJ
g,[ν]
1 =
[
CA
(
(ν − 1) (11ν2 + 53ν + 66)
3(ν + 1)(ν + 2)(ν + 3)
− 4(Ψ(ν) + γE)
)
− 2(ν − 1)
(
ν2 + 4ν + 6
)
nf
3(ν + 1)(ν + 2)(ν + 3)
](
1

− ln xLQ
2
µ2
)
+ CA
[
2
(
67ν7 + 804ν6 + 3634ν5 + 7380ν4 + 4723ν3 − 5520ν2 − 8712ν − 2376)
9ν(ν + 1)2(ν + 2)2(ν + 3)2
− 4(Ψ(ν) + γE)2
− 8
(
2ν2 + 9ν + 11
)
(Ψ(ν) + γE)
(ν + 1)(ν + 2)(ν + 3)
+ 12Ψ′(ν)− 2pi2
]
+ nf
[
−23ν7 − 276ν6 − 1190ν5 − 2376ν4 − 1703ν3 + 1644ν2 + 3060ν + 864
9ν(ν + 1)2(ν + 2)2(ν + 3)2
+
4
(
ν2 + 3ν + 4
)
(Ψ(ν) + γE)
(ν + 1)(ν + 2)(ν + 3)
]
+O() . (73)
Here Ψ(z) is the digamma function Ψ(z) = Γ′(z)/Γ(z),
which is a meromorphic function with poles at non-
positive integer values. For the first few positive integer
values of ν, we find
2J
q,[1]
1 = 2J
g,[1]
1 = 0 ,
22J
q,[2]
1 = CF
(
−3

− 37
3
)
,
22J
g,[2]
1 = −
14CA
5
− nf
5
− 898CA
75
− 14nf
25
,
23J
q,[3]
1 = CF
(
− 9
2
− 37
2
)
,
23J
g,[3]
1 = −
21CA
5
− 3nf
10
− 449CA
25
− 21nf
25
,
24J
q,[4]
1 = CF
(
− 83
15
− 5206
225
)
,
24J
g,[4]
1 = −
181CA
35
− 38nf
105
− 82589CA
3675
− 11317nf
11025
,
where we have set µ =
√
xLQ for simplicity. The ν = 2
results agree with Ref. [32] up to the 2−ν normalization.
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In addition to QCD, we give results for the jet function
in N = 4 SYM. In this theory the one-loop jet function is
obtained from a single universal splitting kernel, PN=4 =
2Nc/(z(1− z)), and turns out to be quite simple
2νJ
N=4,[ν]
1 = −8Nc(Ψ(ν) + γE)
(
1

− ln xLQ
2
µ2
)
−4Nc[pi2 + 2(Ψ(ν) + γE)2 − 6Ψ′(ν)] +O() . (74)
In both QCD and N = 4 SYM the jet functions cross
zero at ν = 1 due to the conservation of the energy-
momentum tensor. This can also be understood from
the momentum conservation sum rule in final-state frag-
mentation. The constants in the N = 4 jet function
exhibit a uniform transcendental weight,11 and by com-
paring the result in N = 4 with the result for the gluon
jet function in QCD, we see that the principal of maxi-
mal transcendentality holds (This was already observed
for ν = 2 (j = 3) in [32]). In the collinear limit, the jet
function is determined by a fixed value of the spin, and
the harmonic sums (polygamma functions once analyti-
cally continued) evaluate to rational numbers obscuring
the weight information (see Eq. (V C)). By viewing the
observable as a function of ν, we are able to manifest
the uniform transcendentality in the collinear limit. We
conjecture that uniform transcendentality persists to all
orders in αs, since it is ultimately inherited from the
uniform transcendental weight of the universal structure
constants in [95]. Uniform transcendentality has also
been observed for the DIS structure functions in [96].
D. LL Resummation and Interpretation
In this section, we perform the LL resummation of
the ν-correlators in the small angle limit, which pro-
vides some intuition for the behavior of the projected
correlators as a function of ν. Since the factorization
formula and renormalization group evolution equations
are straightforward generalizations of those presented in
[32], it is trivial to solve them in an identical manner for
generic values of ν, and so we do not discuss this aspect
further. We will consider both the case of the conformal
N = 4 SYM theory, as well as QCD where there is a non-
vanishing β function. Resummation at NLL and numeric
results will be presented in Sec. V E.
We begin by considering the case of N = 4 SYM. We
find that the resummed result for the cumulant Σ[ν] is
given by
Σ[ν](xL) = C
[ν](αs)x
γN=4
J[ν]
(αs)
L , (75)
where C [ν] is the structure constant, and
γN=4J [ν] (αs) = γ
N=4
S (ν + 1, αs) , (76)
11 We assign a transcendental weight n+ 1 to Ψ(n). We also assign
transcendental weight 1 to γE , pi, and 1/.
and γN=4S (ν + 1, αs) is the universal local twist-2 spin-
ν + 1 anomalous dimension in N = 4 (To maintain
continuity between QCD and N = 4, we use conven-
tions for the anomalous dimensions in N = 4 where
γ
(0)
uni(j) ∝ S1(j − 2). It is also common in N = 4 to
shift j by two units.). The power-law behavior is due
to conformal symmetry [21, 28], or reciprocity [32, 33].
Differentiating in xL, we have
dσ[ν]
dxL
= C [ν](αs)γ
N=4
J [ν] (αs)
x
γN=4
J[ν]
(αs)
L
xL
, (77)
The scaling of the ν-correlator therefore allows one
to probe the spectrum of the underlying field theory
through the scaling in the xL variable.
The fact that we are able to have a scaling observable
for all values of ν allows us to connect different physical
regions with the same observable. In particular, the ν-
correlators have different behavior depending on whether
ν > 1, or ν < 1. For positive integers the scaling anoma-
lous dimensions correspond to the anomalous dimensions
of local twist-2 operators, which in a unitary CFT are
guaranteed to be positive [97, 98]. This implies that the
resummed cumulant vanishes as xL → 0. For ν > 1
non-integer values, there is no longer a correspondence
with local operators, but the anomalous dimensions re-
main positive by continuity and monotonicity. For ν = 1
(which corresponds to j = 2), the scaling anomalous di-
mension vanishes to all orders in perturbation theory,
since it corresponds to the anomalous dimension of the
stress tensor. This has the interesting consequence that
the cumulant is independent of the scaling variable (i.e.
the distribution is a δ-function). For ν < 1, the scaling
anomalous dimension is negative. In this region there is
no correspondence with a local operator, and therefore
the standard unitarity bounds do not apply. In particu-
lar, this implies that the cumulant diverges as xL → 0.
While this is perhaps unusual for jet observables, this
behavior is physical. Some intuition can be gained by
recalling the expression for the multiplicity in an e+e−
collision at a scale Q2
n(Q2,Λ) ∝
(
Q
Λ
)−2γ(ν=0)
, (78)
where Λ is an infrared resolution (Recall that in our con-
ventions, γ(1) < 0, which is opposite to the conventions
often used when discussing multiplicity). This has a sim-
ilar behavior to the cumulant in Eq. (75), if we associate
xL with an infrared regulator, leading to an interpre-
tation of the ν-correlator in the ν → 0 limit. Multi-
plicity correlators have been considered in [99–101] (for
a recent measurement see [102]) and the divergence at
small angles is well known. We therefore find that the
ν-correlators are able to connect, in a single analytic ob-
servable, the EEC and multiplicity, as well as all other
observables lying in the complex ν-plane.
Moving beyond a conformal theory, at LL accuracy
the simple scaling behavior is only modified through the
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inclusion of the running coupling, and therefore much of
the intuition from the case of a conformal theory carries
over. In addition to the beta function, in QCD one must
also incorporate non-trivial flavor mixing. At LL, the
solution of the jet function evolution to the hard scale in
QCD is
~J
[ν]
LL = 2
−ν(1, 1) exp
(
− γ̂
(0)(ν + 1)
β0
ln
αs(
√
xLQ)
αs(µ)
)
,
(79)
where γ̂(0)(j) is the Mellin moment of the singlet
timelike splitting function at LO in QCD, γ̂(j, αs) =
− ∫ 1
0
dz zj−1P̂ (z, αs), where P̂ (z, αs) is the regularized
singlet timelike splitting kernel. Explicitly,
γ̂(j) =
(
γ
(0)
qq (j) 2nfγ
(0)
qg (j)
γ
(0)
gq (j) γ
(0)
gg (j)
)
, (80)
where [92]
γ(0)qq (j) = −2CF
[
3
2
+
1
j(j + 1)
− 2(Ψ(j + 1) + γE)
]
,
γ(0)gq (j) = −2CF
(2 + j + j2)
j(j2 − 1) ,
γ(0)gg (j) = −4CA
[
1
j(j − 1) +
1
(j + 1)(j + 2)
− (Ψ(j + 1) + γE)
]
− β0 ,
γ(0)qg (j) = −
(2 + j + j2)
j(j + 1)(j + 2)
, (81)
and β0 = 11/3CA − 2/3nf . One can check that the pole
terms on the RHS of Eq. (73) are given by
− γ(0)qq − γ(0)gq and − γ(0)gg − 2nfγ(0)qg , (82)
respectively (recall j = ν+1). We therefore see that even
in QCD the scaling is still driven by the twist-2 spin-
ν + 1 anomalous dimensions, however, this behavior is
no longer a power law due to the running coupling. This
jet function must then be projected on to an appropriate
tree level hard function. For example, for the case of
e+e− one has
~HLL(x) = 2
(
δ(1− x)
0
)
. (83)
E. NLL Resummation and Numerical Results
In this section we present several numerical results to
highlight interesting features of the ν-correlators, as well
as to verify our factorization formula against numerical
fixed-order calculations. We leave more detailed phe-
nomenological studies to a future publication.
Results in this section are presented to NLL accu-
racy,12 which resums terms through to αns ln(xL)
n−1. To
achieve this accuracy, we need the two-loop timelike split-
ting functions and QCD beta function, as well as the
one-loop hard and jet functions. Only the jet function
is new and was given in Eq. (73). With these ingre-
dients, numerical predictions in the collinear limit can
be obtained using the factorization formula in Eq. (63),
combined with the renormalization group equations in
Eqs. (64), (65).
We first verify the factorization formula in (63) by com-
paring our predictions, truncated to O(α2s), with a nu-
merical fixed-order calculation in the small angle limit.
We give the results obtained from expanding our fac-
torization formula for three representative values of ν,
ν = 1/e , pi , 2 + i, in (84),
xL
σ0
dσ[e
−1]
dxL
= as(−15.6168) + a2s (516.646 lnxL − 1107.8) ,
xL
σ0
dσ[pi]
dxL
= as1.41007 + a
2
s (53.8777 − 3.8045 lnxL) ,
xL
σ0
dσ[2+i]
dxL
= +(2.51547 − 0.610332i)as (84)
+ a2s ((98.1462 − 30.7351i)− (9.58163 − 10.8713i) ln (xL)) ,
where as = αs/(4pi). These results are shown in Fig. 9
as solid lines. We have also computed the ν-correlator
with the QCD event generator Event2 [104, 105] using
the definition given in Eq. (45). Event2 calculates not
just the leading power terms in the xL → 0 limit that
are described by the factorization formulas presented in
this paper, but also the power suppressed contributions.
At small xL, it is expected that the leading power loga-
rithmic terms dominate. The Event2 results are shown in
Fig. 9 as dotted lines. It can be seen that there is agree-
ment between our factorization prediction and Event2
when xL is sufficiently small so that power suppressed
terms can indeed be neglected. There is some deviation
at NLO for ν = 1/e when xL < e
−13. We suspect that
this is due to the nature of ν < 1 such that the ob-
servable is increasingly sensitive to soft physics, while in
Event2 there is an un-physical IR cutoff to ensure nu-
merical stability. For ν = 2 + i the results contain both
real and imaginary parts. This is not a problem since
what we computed are correlation functions, or weighted
cross sections, and do not correspond to probabilities.
The agreement between Eq. (84) and Event2 provides
12 Throughout this section we use the logarithmic counting appro-
priate for single logarithmic observables. Often in jet substruc-
ture, a logarithmic counting appropriate for double logarithmic
observables is used, even if the observable is single logarithmic.
In particular, our NLL result has the same logarithmic accuracy
as the NNLL result for the groomed jet mass [4, 5]. For the case
N = 2, NNLL resummation is also available [32], and the rele-
vant anomalous dimensions for the groomed jet mass have also
recently been extracted to enable an NNLL prediction [103].
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FIG. 9: Comparison between our factorization formula and Event2 in the asymptotically small xL region for
ν = 1/e , pi , 2 + i.
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FIG. 10: LL (grey) and NLL (red) resummation for ν = e−1, pi, and 2 + i. Scale uncertainties are estimated by
varying µ around Q by a factor of 5−1 and 5.
a strong check on our factorization formula (63). The
fact that the ν-correlator can be calculated to NLO with
Event2 demonstrate the IRC safety of this observable at
O(α2s), at least for 0 < xL < 1. It would be interesting
to have a (dis-)proof of IRC safety for the ν-correlator to
all orders.
We emphasize the different behavior as xL → 0 for
ν = e−1 < 1, and ν = pi > 1. As discussed above, for
ν > 1, the behavior (at least in the conformal case) is
driven by an anomalous dimension of a local operator
which is constrained to be positive in a unitary theory.
For ν < 1, this association is lost, and the scaling flips
sign. This is clearly seen in the behavior of the fixed order
calculations in Fig. 9. It also persists once resummation
is included.
To resum the large logarithms arising in the collinear
limit, we follow the approach of [32] by solving the RG
equation Eq. 65 iteratively to high orders. We keep the
first 50 terms in αs expansion, which is sufficient to have
convergence to better than one per mille for the range
of xL considered here. In Fig. 10 we depicted the ν-
correlator at LL and NLL for ν = e−1, pi, and 2 + i.
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These values allow us to emphasize the qualitatively dif-
ferent behavior for ν > 1 and ν < 1. We set Q = 250
GeV so that we have sufficiently large window at small xL
for perturbative evolution. We observe reasonable per-
turbative convergence when going from LL to NLL for
ν = pi and 2 + i. On the hand, the convergence is bad
for ν = e−1, as indicated by the non-overlapping scale
bands. Since for ν < 1, the ν-correlator probes the small
x fragmentation kernel, one might expect that some form
of small x resummation for the anomalous dimension be-
comes necessary, which we leave for future work. The
scale uncertainties are still large at NLL due to large
perturbative corrections to the NLL coefficients, as al-
ready observed in [32] for EEC. This calls for an NNLL
calculation (which was already performed in [32] for the
case of N = 2) for generic values of ν, which we leave for
future work.
In Fig. 11 we plot the ratio observable, dσ[3,2]/dxL at
LL and NLL. As a comparison, we also plot the 2-point
correlator (EEC) and 3-point correlator in Fig. 12. As is
advocated in subsection III B, it can indeed be seen that
the ratio observable dramatically reduce the scale uncer-
tainties and the magnitude of the corrections when going
from LL to NLL. While the remaining scale uncertainty
is still large, it nevertheless gives us hope that by going
to NNLL one would be able to control the perturbative
uncertainties.
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FIG. 11: Ratio of 3-point and 2-point correlator at LL
and NLL. Scale uncertainties are estimated by varying
µ in the numerator and denominator simultaneously
by of factor of 5 and 5−1.
VI. RESUMMATION FOR TRACK
CORRELATORS
In this section we briefly describe the resummation of
the energy correlators measured on tracks. The goal of
this section is to illustrate that track functions interface
naturally with energy correlators, since much like the en-
ergy correlators, moments of the track functions evolve
with moments of the twist-2 spin-j anomalous dimen-
sions. In this sense we view EECs as the natural ob-
servable for tracks. In this section we will consider the
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FIG. 12: 2-point and 3-point correlators at LL and
NLL. Scale uncertainties are estimated by varying µ
in the numerator and denominator simultaneously by
of factor of 5 and 5−1.
specific case of the two point correlator at leading loga-
rithmic accuracy.
As with the case of the energy correlators we can write
down a timelike factorization formula for the cumulant,
Σ
[ν]
tr of ν-point correlators measured on tracks (here the
subscript tr denotes tracks)
Σ
[ν]
tr (xL, ln
Q2
µ2
) =
∫ 1
0
dxxν ~Jtr
[ν](ln
xLx
2Q2
µ2
) · ~H(x, Q
2
µ2
) .
(85)
Crucially, the incorporation of tracks does not change
the hard function, and only enters into the jet function.
Renormalization group consistency then fixes that the
evolution of the jet function on tracks is identical to the
evolution of the standard jet function
d ~Jtr
[ν](ln xLQ
2
µ2 )
d lnµ2
=
∫ 1
0
dy yν ~Jtr
[ν](ln
xLy
2Q2
µ2
) · P̂ (y) .
(86)
This constraint arises from the fact that the energy cor-
relators are collinear (single logarithmic) observables so
that the factorization formula consists of only two func-
tions. This leads to a significant simplification as com-
pared to the case of Sudakov (soft sensitive) observables
that exhibit a factorization into hard function that is in-
dependent of the measurement, and two functions, the jet
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and soft functions that depend on the measurement. In
the case of a typical Sudakov observable, the use of tracks
modifies both the jet and soft functions in an equal and
opposite manner that is not constrained by renormaliza-
tion group consistency with the hard function. This is
the case for the example of track thrust considered in [6],
where the anomalous dimensions for the jet and soft func-
tions are modified by a non-perturbative constant. For
the energy correlators, the anomalous dimensions remain
perturbative, and equal to their value without tracks.
We can therefore immediately derive the leading loga-
rithmic result for the ν-correlators measured on tracks
Σ
[ν]
tr (xL) = 2
−ν+1(T (ν)q (
√
zQ), T (ν)g (
√
zQ)) (87)
· exp
[
− γ̂
(0)(ν + 1)
β0
ln
αs(
√
xLQ)
αs(Q)
]
·
(
δ(1− x)
0
)
.
We find the simplicity of this result to be quite remark-
able, and suggestive that it can be extended to higher
perturbative orders.
Since the goal of this section is to illustrate the in-
terplay between track functions and energy correlators,
rather than perform a detailed phenomenological study,
we have made the simplification in Eq. (87) of assuming
only one flavor of quark. While the evolution of the track
functions for different quarks flavors is the same, the non-
perturbative functions are in general distinct (although
in reality, they are quite similar, see [6, 7]). Therefore,
in reality one must extend ~Jtr to include all the flavors
separately. However, for notational simplicity we will not
consider this complication here.
In Eq. (87), the moments of the track functions are
evaluated at the scale
√
xLQ, and therefore to achieve
a particular logarithmic accuracy, one must also know
the evolution of the track functions to the correspond-
ing order. While the track functions themselves evolve
with complicated non-linear evolution equations that are
not currently known at higher orders, the moments of
the track functions evolve via linear evolution equations.
This will also allow us to explain an interesting feature
of Eq. (87), namely that, taking for concreteness ν = 2,
T
(2)
q (
√
xLQ) and T
(2)
g appear in the result, even though
these should physically only appear as boundary terms.
We will see the resolution of this fact due to the tight
interconnection between the RG equations for the track
functions, and those for the EEC. In the rest of this sec-
tion we will focus on the particular case of the two point
correlator, however the extension to higher points should
be clear.
The renormalization group evolution equation for the
track function at lowest order is a non-linear evolution
equation [6, 7]
µ
d
dµ
Ti(x, µ) =
1
2
∑
j,k
∫
dzdxjdxk
αs(µ)
pi
Pi→jk(z) (88)
· Tj(xj , µ)Tk(xk, µ)δ[x− zxj − (1− z)xk] .
Little is known about its higher order structure, but it is
expected to become increasingly non-linear. A large sim-
plification occurs when one only has to deal with a finite
number of moments of the track functions, as occurs for
the energy correlators. Taking moments of Eq. (88), we
find
d
d lnµ2
T (n)g = −
n−1∑
k=0
(
n
k
)[ k∑
i=0
(
k
i
)
(−1)i
(
1
2
γgg(n− k + i+ 1)T (n−k)g T (k)g +
nf∑
m=1
γqg(n− k + i+ 1)T (n−k)qm T (k)qm
)]
− (1
2
γgg(n+ 1)T
(n)
g +
nf∑
m=1
γqg(n+ 1)T
(n)
qm ) , (89)
and
d
d lnµ2
T (n)qm = −
n∑
k=1
(
n
k
) n−k∑
i=0
(
n− k
i
)
(−1)iγgq(k + i+ 1)T (n−k)qm T (k)g − γqq(n+ 1)T (n)qm , (90)
where we have considered QCD with nf light flavors.
In particular, for the first two moments, which are required for the two point energy correlator, we have the RG
equations (for simplicity we show below QCD with a single quark flavor)
d
d lnµ2
T (1)g = −γgg(2)T (1)g − 2γqg(2)T (1)q ,
d
d lnµ2
T (1)q = −γqq(2)T (1)q − γgq(2)T (1)g , (91)
and
d
d lnµ2
T (2)g = −γgg(3)T (2)g − 2γqg(3)T (2)q − γgg(2)T (1)g T (1)g + γgg(3)T (1)g T (1)g − 2γqg(2)T (1)q T (1)q + 2γqg(3)T (1)q T (1)q ,
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d
d lnµ2
T (2)q = −γqq(3)T (2)q − γgq(3)T (2)g + 2γgq(3)T (1)q T (1)g − 2T (1)q T (1)g γgq(2) . (92)
Much like the evolution equations for two point energy correlator, we see that these evolution equations involve the
twist-2 spin-3 dimensions, although they also involve the spin-2 anomalous dimension in off diagonal entries. We can
write this RG as a matrix evolution equation13
d
d lnµ2

T
(2)
g
T
(2)
q
T
(1)
q T
(1)
q
T
(1)
g T
(1)
q
T
(1)
g T
(1)
g
 =

−γgg(3) −2γqg(3) 2γqg(3)− 2γqg(2) 0 γgg(3)− γgg(2)
−γgq(3) −γqq(3) 0 2γgq(3)− 2γgq(2) 0
0 0 −2γqq(2) −2γgq(2) 0
0 0 −2γqg(2) −γgg(2)− γqq(2) −γgq(2)
0 0 0 −4γqg(2) −2γgg(2)


T
(2)
g
T
(2)
q
T
(1)
q T
(1)
q
T
(1)
g T
(1)
q
T
(1)
g T
(1)
g
 .
(93)
While the RG for the full track function will become more
and more complicated at each perturbative order, the
RG for any fixed moment should close, namely the RG
for T
(n)
i , involves only T
(m)
i with m ≤ n. Furthermore,
there are two additional features of this matrix that can
be derived by considering its interplay with the resum-
mation for the EEC, and that we therefore believe will
hold to all orders: lower moments never mix back into
the higher moments which fixes the blue entries of the
matrix to be zero, and the mixing of highest moments
T
(n)
i → T (n)j (shown by the entries in red) is identical to
that of the energy correlators (Note that this holds for
the T
(1)
i T
(1)
j entries of the matrix since the RG for these
product terms is derived from the RG for T
(1)
i → T (1)J
mixing.).
While the first of these conditions is easy to under-
stand, the second arises from the fact that for the EEC
one should not require contact terms in the bulk of the
distribution. As a simple example to illustrate this, we
can consider the case of pure Yang-Mills, as it avoids the
need to diagonalize matrices.14 In pure Yang-Mills, we
have
d
d lnµ2
(
T
(2)
g
T
(1)
g T
(1)
g
)
=
(−γ(3) γ(3)
0 0
)(
T
(2)
g
T
(1)
g T
(1)
g
)
.
(94)
The LL resummed result in pure Yang-Mills is
Σ
[2]
tr (xL) =
1
2T
(2)
g (
√
xLQ)
(
αs(
√
xLQ)
αs(Q)
)− γ(0)(3)β0
δ(1− x) .
(95)
13 Again, we emphasize that here we consider the case of a single
quark flavor. The extension to five flavors is straightforward,
albeit notationally cumbersome.
14 This example is artificial in that pure Yang-Mills does not have
charged particles. However, we can formally consider the mixing
problem in this theory without specifying the non-perturbative
track functions.
This result is naively surprising, since it depends on T
(2)
g ,
which should only be required to describe the contact
terms at xL = 0. However, the resolution to this is that
we should also evolve the track function perturbatively
to the common scale Q. Using the RG, we find that at
LL we can rewrite this as
Σ
[2]
tr (xL) =
1
2 [T
(1)
g (Q)]
2
(
αs(
√
xLQ)
αs(Q)
)− γ(0)(3)β0
δ(1− x) ,
(96)
which corresponds with the physical intuition. We there-
fore find that it evolves with the identical anomalous di-
mension at LL regardless of whether or not tracks are
used. This relies crucially on the fact that the mix-
ing for the track functions is the same as for the en-
ergy correlators. For the case where both quarks and
gluons are present, one can easily check that the same
mechanism occurs using Eq. (93) and that all depen-
dence on T
(2)
q and T
(2)
g cancels at LL accuracy, Further-
more, one finds specific linear combinations, cijT
(1)
i T
(1)
j ,
that evolve with the same leading logarithmic anoma-
lous dimensions. One also finds other combinations of
tracks functions that vanish when the first moments
of the track functions are flavor independent, such as
(T
(1)
g T
(1)
g − 2T (1)g T (1)q + T (1)q T (1)q ), that can evolve with
other anomalous dimensions, but that are numerically ir-
relevant. It would be interesting to study this in more
detail with a proper extraction of the track functions,
however, we leave this to future work.
We therefore believe that the understanding of the en-
ergy correlators places strong constraints on the under-
standing of the RG evolution of moments of track func-
tions, and that they interplay naturally. To extend the
calculation of the EEC or EEEC to higher perturbative
orders will require understanding the evolution of mo-
ments of the track function to higher perturbative orders.
This has not been explored at all, and it will be interest-
ing to understand its consistency. Using the arguments
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of this section, we believe that the form of the matrix in
Eq. (93) will persist at higher orders. Only the entries
in black are not fixed. We suspect that at higher orders
these entries will not correspond to moments of splitting
functions, but we believe that they can be straightfor-
wardly calculated by extracting the IR poles from the
calculation of the two loop EEC jet function computed
on tracks. We therefore believe that the evolution equa-
tions for the low moments of the track functions should
be much more tractable than the non-linear evolution
equations for the full track functions, and that significant
insight into their structure can be gained by studying the
energy correlators.
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FIG. 13: Ratios between two point energy correlators
measured on tracks to those using full calorimetric in-
formation as computed using Pythia. This illustrates
that over a wide perturbative regime the LL evolution
is approximately the same with or without tracks, as
discussed in more detail in the text.
In Fig. 13 we compare the ratio between the EEC as
measured on tracks vs. full calorimetric information for
quark and gluon jets, as computed using Pythia. This
is compared with (T
(1)
g )2 and T
(1)
d T
(1)
g , extracted from
[7]. The flatness of the ratio arises due to the interest-
ing interplay between the anomalous dimensions for the
moments of the track functions, and those for the energy
correlators. We should emphasize that this comparision
should be taken with a grain of salt, since it is sensitive
to the precise settings in Pythia (which were presumably
not the same in [7]) as in our study, but is meant to show
qualitative agreement. A more detailed analysis, and a
calculation at NLL will be presented in future work.
In summary in this section we have emphasized two
significant simplifications that arise when studying the
resummation of energy correlators measured on tracks.
First, the fact that these observables are purely collinear
allows the anomalous dimensions of the observables as
measured on tracks to be fixed by renormalization group
consistency. Secondly, and much more importantly, since
the observables involve only a finite number of moments
of the track functions, their RG evolution reduces to a
linear problem, which is constrained by the structure of
the RG for the energy correlators. We believe that these
two advantages will enable higher order resummation for
track observables, which is a qualitative advance in pre-
cision calculations.
A similar story to that presented in this section for
tracks also holds for charge correlators. As with the
track correlators, one can restrict to the study of their
moments, which avoids non-linear evolution equations.
It would be interesting to consider these observables in
more detail.
VII. CONCLUSIONS AND OUTLOOK
In this paper we have advocated for the use of jet sub-
structure observables that are more closely connected to
correlation functions of energy (or charge) flow operators
in the underlying field theory. In particular, we have
shown that there are considerable advantages, both per-
turbatively and non-perturbatively, to using observables
that can be expressed in terms of correlation functions of
a finite number of energy flow operators.
We introduced an infinite family of observables, the
projected energy correlators, that project the N -point
correlators down to a single scaling variable that can be
measured experimentally. These observables have simple
theoretical properties, allowing for their resummation in
the small angle limit for any N at NLL accuracy. This
matches the current state of the art resummation accu-
racy for jet substructure observables, but for an infinite
family of observables, and in a single analytic formula.
These observables are also amenable to higher order per-
turbative calculations using modern techniques for loop
integrals, which we will consider in future work. Indeed,
for the particular case of N = 2, results at NNLL are
already available [32].
In addition to the perturbative simplicity of the pro-
jected energy correlators, we have also shown that ob-
servables that can be expressed in terms of a finite num-
ber of energy correlators are particularly simple to in-
terface with non-perturbative tracking information. We
showed that the N -point correlator requires only the
knowledge of the m-th moments, with m ≤ N , of the
track functions, and that perturbative calculations can
be trivially upgraded to calculations on tracks by weight-
ing specific partonic configurations with these moments.
This contrasts with calculations of more standard observ-
ables on tracks, which involve the complete functional de-
pendence of the track function, and are difficult beyond
leading order. The ability to incorporate tracking infor-
mation is a key advantage of the energy correlators in the
LHC environment, but it may also have applications for
precision extractions of αs at e
+e− colliders.
A new aspect of our formulation is that it enables
an analytic continuation in N of the projected N -point
correlators. This allows jet observables to explore the
complete complex j plane of the twist-2 spin-j opera-
tors. For non-integer values of N , the ν-correlators cor-
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relate infinite combinations of particles within a jet, yet
they probe a particularly simple aspect of the underlying
physics. This may be a general feature of observables in
jet physics, namely that observables with simple physical
properties may be algorithmically complex. The analytic
continuation of the observables also places them into a
clean analytic family of observables that probe particu-
lar properties of the collinear limit, and makes manifest
certain properties of the result, such as the uniform tran-
scendentality. We believe that this is an important step
towards identifying more structure in the physics of jet
substructure observables, and it would be interesting to
understand other analytic families.
Since the goal of this paper was to introduce the pro-
jected energy correlators and highlight some of their con-
venient theoretical properties, there are a large num-
ber of directions for future study. Phenomenologically,
an important goal will be to compute the ratio of the
three point to two point correlator at NNLL (both with
and without track information) at the LHC. All required
anomalous dimensions are known (the timelike splitting
kernels are known in QCD to NNLO [77, 78, 106, 107]).
In [32] the two-loop jet function for the two point correla-
tor in QCD was obtained using sum rules. To incorporate
tracking information, the calculation would need to be
done directly, but this should be feasible, as should be the
calculation of the NNLO jet function for the projected
three point correlator. The primary difficultly at hadron
colliders is the hard functions. The hard functions are
currently known at NLO [108–111] and can be approxi-
mated at partonic threshold to higher orders [112]. Using
modern techniques they should be computable to NNLO.
Another aspect of the energy correlators that will be
important to understand for phenomenological applica-
tions is the structure of their non-perturbative correc-
tions. This should also be considerably simplified for ob-
servables defined directly in terms of correlation functions
of energy flow operators. The leading non-perturbative
corrections for the energy correlators at generic angles
were studied in [19], where they were found to take a
simple form. Furthermore, it has been found that in the
small angle limit where they are purely non-perturbative,
these observables have simple power law behavior equal
to that for an infinitely strongly coupled system [113].
More formally, it will also be interesting to understand
in detail the relation of the ν-correlators to the light ray
operators of [37], which provide the analytic continuation
in spin of the standard twist-2 spin-N operators. This
connection has been explored in detail for the case of
N = 2, but the study of higher integer N , as well as non-
integer ν may lead to a better understanding of these jet
substructure observables, or facilitate their calculation.
Finally, it would also be interesting to design other
observables of this form that are directly related to the
underlying energy correlators, for example projections in-
volving two or three variables, instead of the single vari-
able case considered here. This would be a first step
towards understanding and organizing the space of jet
substructure observables and their relation to the physi-
cal operator content of the field theory. Along these lines,
observables with energy weighting Eκ were considered in
[57], giving rise to “fractal jet observables”. It would be
interesting to understand more formally what these cor-
respond to in terms of lightray operators, and if these
have interesting theoretical properties.
The use of energy correlators for jet substructure opens
the door to precision calculations at the LHC, combin-
ing high order perturbative calculations with the use of
tracking and charge information. It will also facilitate
the development of connections between the study of jet
substructure and more formal studies of the properties
of light ray operators in quantum field theory. We hope
to further develop these connections in future work.
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APPENDIX
1. Hard Functions
In this Appendix we collect the hard functions used in the factorization formula for the projected energy correlators
in the collinear limit.
For e+e− annihilation, the hard function is given by
1
2
Heeq = δ(1− x) +
αs
4pi
CF
[(
4pi2
3
− 9
)
δ(1− x)
+ 4
[
ln(1− x)
1− x
]
+
+
(
4 ln(x)− 3
2
)
(2
1
[1− x]+
− x− 1)− 9x
2
+ 2(−x− 1) ln(1− x) + 7
2
]
+O(α2s) ,
Heeg = CF
[
4
(
x2 − 2x+ 2) ln(1− x)
x
+
8
(
x2 − 2x+ 2) ln(x)
x
]
+O(α2s) . (97)
For Higgs decay via the effective hgg operator, the hard function is given by
1
2
Hhg = δ(1− x) +
αs
4pi
CA
[
11
3
(
− 1
[1− x]+
+ x2 + x+ 1
)
+ (4 ln(1− x) + 8 ln(x))
(
1
[1− x]+
− x2 + x+ 1
x
− 2
)
+
(
67
9
+
4pi2
3
)
δ(1− x)
]
+
αs
4pi
nf
[
− 2
3
(
− 1
[1− x]+
+ x2 + x+ 1
)
− 10
9
δ(1− x)
]
+O(α2s) ,
1
2
Hhq =
αs
4pi
nf
[
− 7x2 + (2x2 − 2x+ 1) (2 ln(1− x) + 4 ln(x)) + 4x]+O(α2s) . (98)
For simplicity we have set µ = Q. Logarithms can be recovered from the RG equation in Eq. (64).
